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Abstract
We study the automorphisms of a function field of genus g ≥ 2 over an algebraically closed
field of characteristic p > 0. More precisely, we show that the order of a nilpotent subgroup
G of its automorphism group is bounded by 16(g − 1) when G is not a p-group. We show
that if |G| = 16(g− 1), then g− 1 is a power of 2. Furthermore, we provide an infinite family
of function fields attaining the bound.
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1 Introduction
Let K be an algebraically closed field and F be a function field of genus g with constant field K.
Denote by Aut(F/K) the automorphism group of F over K. It is a well-known fact that if F is
of genus 0 or 1, then Aut(F/K) is an infinite group. However, this group is finite if g ≥ 2, which
is proved by Hurwitz [4] for K = C and by Schmid [10] for K of positive characteristic. In his
paper, Hurwitz also showed that |Aut(F/K)| ≤ 84(g−1), which is now called the Hurwitz bound.
This bound is sharp, i.e., there exist function fields of characteristic zero of arbitrarily high genus
whose automorphism group has order 84(g − 1), see [6]. Roquette [9] showed that the Hurwitz
bound also holds in positive characteristic p, if p does not divide |Aut(F/K)|. We remark that the
Hurwitz bound does not hold in general. In positive characteristic, the best known bound is
|Aut(F/K)| ≤ 16g4
with one exception: the Hermitian function field. This result is due to Stichtenoth [11, 12].
However, there are better bounds for the order of certain subgroups of automorphism groups.
Let G ≤ Aut(F/K). Nakajima [7] showed that if G is abelian, then |G| ≤ 4(g + 1) for any
characteristic. Furthermore, Zomorrodian [14] proved that
|G| ≤ 16(g − 1),
when K = C and G is a nilpotent subgroup. He also showed that if the equality holds, then g− 1
is a power of 2. Conversely, if g − 1 is a power of 2, then there exists a function field of genus g
1
that admits an automorphism group of order 16(g − 1); whence a nilpotent group of order power
of 2. We remark that his approach is based on the method of Fuchsian groups.
In this paper, we give a similar bound for the order of any nilpotent subgroup of the automor-
phism group of a function field in positive characteristic except for one case. More precisely, our
main result is as follows.
Theorem 1.1. Let K be an algebraically closed field of characteristic p > 0 and F/K be a function
field of genus g ≥ 2. Suppose that G ≤ Aut(F/K) is a nilpotent subgroup of order
|G| > 16(g − 1).
Then the following holds.
(i) G is a p-group.
(ii) The fixed field F0 of G is rational.
(iii) There exists a unique place P0 of F0, which is ramified in F/F0. Moreover, P0 is totally
ramified, and
|G| ≤
4p
(p− 1)2
g2.
Remark 1.2. In the exceptional case in Theorem 1.1, since there is a unique ramified place F has
p-rank zero by [1, Corollary 2.2].
Remark 1.3. We conclude from the proof of Theorem 1.1 that the bound |G| ≤ 16(g − 1) also
holds when p = 0. Moreover, when the bound is attained the order of G is a power of 2.
2 Preliminary Results
In this section, we recall some basic notions related to function fields and give some preliminary
results, which will be our main tools for the proof of Theorem 1.1. For more details about function
fields, we refer to [2, 13].
Let K be an algebraically closed field of characteristic p and F ⊇ E be a finite separable
extension of function fields over K of genus g(F ) and g(E), respectively. Denote by PF the set of
places of F . For a place Q ∈ PF lying above P ∈ PE , we write Q|P , and denote by e(Q|P ) the
ramification index and by d(Q|P ) the different exponent of Q|P . Recall that Q|P is ramified if
e(Q|P ) > 1. Moreover, if p does not divide e(Q|P ), then it is called tamely ramified; otherwise it
is called wildly ramified. By Dedekind’s Different Theorem [13, Theorem 3.5.1], Q|P is ramified if
and only if d(Q|P ) > 0. More precisely, d(Q|P ) ≥ e(Q|P )− 1 and the equality holds if and only
if Q|P is tame. Note that every place of F has degree 1 as K is algebraically closed; hence, the
genera of F and E are related by the Hurwitz Genus Formula [13, Theorem 3.4.13] as follows.
2g(F )− 2 = [F : E](2g(E)− 2) +
∑
Q∈PF ,P∈PE
Q|P
d(Q|P ), (2.1)
where [F : E] is the extension degree of F/E.
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From now on, we suppose that F/E is a Galois extension with Galois group G. As F/E is Galois,
[F : E] = |G|. Let Q1, . . . , Qm ∈ PF be all extensions of P ∈ PE. Since G acts transitively on
Q1, . . . , Qm, we have
e(Qi|P ) = e(Qj |P ) =: e(P ) and d(Qi|P ) = d(Qj |P ) =: d(P )
for all i, j ∈ {1, . . . , m}. Then by the Fundamental Equality [13, Theorem 3.1.11], Equation (2.1)
can be written as
2g(F )− 2 = |G|
(
2g(E)− 2 +
∑
P∈PE
d(P )
e(P )
)
. (2.2)
Equation (2.2) and the following well-known lemma will be our main tools to give an upper bound
for the order of a nilpotent subgroup of the automorphism group of a function field.
Lemma 2.1. If G is a finite nilpotent group, then G has a normal subgroup of order n for each
divisor n of |G|.
Proof. The proof follows from the fact that every finite nilpotent group is a direct product of its
Sylow subgroups, see [3].
Let G be a subgroup of Aut(F/K). We denote the fixed field FG of G by F0 and the genus of
F0 by g0. Note that F/F0 is a Galois extension with Galois group G. Set N := |G|.
Lemma 2.2. If g0 ≥ 1, then N ≤ 4(g − 1).
Proof. If g0 ≥ 2, then by Equation (2.2), we conclude that 2g − 2 ≥ 2N , i.e., N ≤ (g − 1). If
g0 = 1, then
2g − 2 = N

 ∑
P∈PF0
d(P )
e(P )

 ,
by Equation (2.2). Since g ≥ 2, there exists a ramified place P0 ∈ PF0. Hence,
2g − 2 ≥ N
d(P0)
e(P0)
≥ N
(e(P0)− 1)
e(P0)
.
This implies that N ≤ 4(g − 1) as e(P0) ≥ 2.
From now on, we assume that G is a nilpotent subgroup of Aut(F/K). By Lemma 2.2, we also
assume that g(F0) = 0.
Definition 2.3. Suppose that P1, . . . , Pr are all places of F0, which are ramified in F with ram-
ification indices e1, . . . , er and different exponents d1, . . . , dr, respectively. We can without loss of
generality assume that e1 ≤ . . . ≤ er. In this case, we say that F/F0 (or shortly F ) is of type
(e1, e2, . . . , er).
Lemma 2.4. Let ℓ be a prime number. Then ℓ|N if and only if ℓ|ei for some i ∈ {1, . . . , r}.
Proof. If ℓ|ei for some i ∈ {1, . . . , r}, then ℓ|N since ei|N . Suppose that ℓ|N and ℓ ∤ ei for any
i = 1, . . . , r. Since G is nilpotent, there is a normal subgroup H of G such that [G : H ] = ℓ. Set
F1 := F
H . Note that F1/F0 is an unramified Galois extension of degree ℓ. Then by Equation (2.2)
and the assumption g(F0) = 0, we obtain that 2g(F1) − 2 = −2ℓ. That is, g(F1) = −ℓ + 1 < 0,
which is a contradiction.
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Lemma 2.5. If ℓ is a prime number, which divides exactly one of e1, . . . , er, then ℓ = p.
Proof. Let H be a normal subgroup of G of index [G : H ] = ℓ and F1 = F
H . Then there is only one
place of F0, which is ramified in F1/F0, say P1. Suppose that P1 is tamely ramified; equivalently,
ℓ 6= char(K), which is p. Then by Equation (2.2)
2g(F1)− 2 = ℓ
(
− 2 +
d1
e1
)
= ℓ
(
− 2 +
ℓ− 1
ℓ
)
= −ℓ− 1 < −2,
which is a contradiction.
Lemma 2.6. Suppose that ℓ is a prime dividing N and ℓ 6= char(K). Say N = ℓaN1 for some
integers a,N1 ≥ 1 such that gcd(ℓ, N1) = 1. Then we have the following.
(i) There exist at least two places, whose ramification indices are divisible by ℓ.
(ii) If there are exactly two places, whose ramification indices are divisible by ℓ, then their rami-
fication indices are divisible by ℓa.
Proof. By Lemma 2.4, we know that ℓ|ei for some i ∈ {1, . . . , r}. Then (i) follows from Lemma 2.5
as ℓ 6= char(K). Suppose that there are exactly two places whose ramification indices are divisible
by ℓ. Let H be a normal subgroup of G of index [G : H ] = ℓa and F1 = F
H . We consider the
Galois extension F1/F0 of degree ℓ
a. Note that there are exactly two ramified places of F0 in F1.
Since F1/F0 is a tame extension and g(F0) = 0, by Equation (2.2), we conclude that they are
totally ramified, which proves (ii).
Lemma 2.7. Let p = char(K) and |G| = paN1 for some integers a,N1 ≥ 1 such that gcd(p,N1) = 1.
Let P be a wildly ramified place of F0 in F with ramification index e(P ) = p
tn for some positive
integers t ≤ a and n such that gcd(p, n) = 1. Then we have the following.
(i) d(P ) ≥ (e(P )− 1) + n(pt − 1).
(ii) If P is the unique wildly ramified place of F0 in F , then t = a.
Proof. Let H be a normal subgroup of G of index [G : H ] = pa and F1 = F
H . Then F1/F0 is a
Galois p-extension of degree pa.
(i) Let P ′ ∈ PF1 and P
′′ ∈ PF such that P
′′|P ′|P . Then by the transitivity of the different
exponent [13, Corollary 3.4.12 ],
d(P ) = e(P ′′|P ′) · d(P ′|P ) + d(P ′′|P ′) = n · d(P ′|P ) + (n− 1).
Also, d(P ′|P ) ≥ 2(pt − 1) by Hilbert’s Different Formula [13, Theorem 3.8.7]; hence,
d(P ) ≥ 2n(pt − 1) + (n− 1) = (npt − 1) + n(pt − 1).
Then the fact that e(P ) = npt gives the desired result.
(ii) By Lemma 2.6-(ii), we conclude that G is a p-group. Suppose that P is not totally ramified in
F . Let P ′ be a place of F lying over P . We denote by GT (P
′|P ) the inertia group of P . Note
that since P is not totally ramified GT (P
′|P ) is a proper subgroup of G. Then the fact that
G is solvable implies that there exists a normal subgroup H such that GT (P
′|P ) ≤ H ≤ G
and [G : H ] = p. That is, FH is a Galois extension of F0 of degree p . Moreover, F
H/F0 is
unramified as inertia group of a place of F lying over P lies in H , which is a contradiction.
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3 Proof of Theorem 1.1
In this section, we prove Theorem 1.1. We first fix the following notation. We denote by
F/K a function field of genus g ≥ 2 over an algebraically closed field K
of characteristic p > 0,
G ≤ Aut(F/K) a nilpotent subgroup of Aut(F/K),
N := |G| > 1,
F0 := F
G the fixed field of G.
Note that F/F0 is Galois extension of degree [F : F0] = N . By Lemma 2.2, we can assume that
g(F0) = 0, that is, F0 is rational. Suppose that F is of type (e1, . . . , er), where r is the number
of places of F0 that are ramified in F/F0. Recall that e1 ≤ . . . ≤ er. We will prove Theorem 1.1
according to the number r.
Theorem 3.1. If r ≥ 5, then N ≤ 4(g − 1).
Proof. By Equation (2.2), we have the following equalities.
2g − 2 = N
(
− 2 +
r∑
i=1
di
ei
)
≥ N
(
− 2 + 5 ·
1
2
)
=
N
2
,
which gives the desired result.
We consider F of type (e1, e2, e3, e4). That is, there are exactly 4 ramified places of F0, say
P1, P2, P3, P4, with ramification indices e1, e2, e3, e4 and different exponents d1, d2, d3, d4, respec-
tively. Then we have the following result.
Theorem 3.2. If r = 4, then N ≤ 8(g − 1).
Proof. Note that if e2 ≥ 3, then N ≤ 4(g − 1) since by Equation (2.2)
2g − 2 = N
(
− 2 +
4∑
i=1
di
ei
)
≥ N
(
− 2 +
1
2
+ 3 ·
2
3
)
=
N
2
.
From now on, we suppose that e2 = 2, i.e., e1 = e2 = 2. Similarly, by Equation (2.2), if e3 ≥ 4,
then N ≤ 4(g − 1). Hence, we investigate e3 ≤ 3 into cases as follows.
(i) e3 = 3:
If e4 ≥ 6, then
2g − 2 ≥ N
(
− 2 + 2 ·
1
2
+
2
3
+
5
6
)
=
N
2
,
which implies that N ≤ 4(g − 1).
Note that e4 6= 5 by Lemma 2.5, i.e., F is either of type (2, 2, 3, 4) or of type (2, 2, 3, 3).
Assume that F is of type (2, 2, 3, 4). Then char(K) = 3 by Lemma 2.5; hence,
2g − 2 ≥ N
(
− 2 + 2 ·
1
2
+
2 · (3− 1)
3
+
3
4
)
> N,
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i.e., N < 2(g − 1).
Assume that F is of type (2, 2, 3, 3). Then N = 2a3b for some positive integers a and b by
Lemma 2.4. If char(K) = 2 or 3, then there are two wildly ramified places. Therefore, by
Equation (2.2), we obtain that N ≤ 2(g−1). Assume that char(K) > 3. By Lemma 2.6−(ii),
we conclude that a = b = 1, i.e., N = 6. Then by Equation (2.2), we obtain that g = 2;
hence, N = 6(g − 1).
(ii) e3 = 2:
Write e4 = 2
sm for some integers s ≥ 0 and m ≥ 1 such that gcd(2, m) = 1. That is, F is of
type (2, 2, 2, 2sm).
If m > 1, then m = ℓt for a prime ℓ > 2 and an integer t ≥ 1. By Lemma 2.5, we conclude
that ℓ = p, where p is char(K). Moreover, N = 2apb for some integers a, b such that a ≥ 1
and b ≥ t by Lemma 2.4. As there is a unique wild ramification, t = b by Lemma 2.7−(ii),
i.e., e4 = 2
spb, and d4 ≥ (2
spb − 1) + 2s(pb − 1). Then by Equation (2.2)
2g − 2 = N
(
− 2 + 3 ·
1
2
+
(2spb − 1) + 2s(pb − 1)
2spb
)
≥ N,
i.e., N ≤ 2(g − 1).
If m = 1, then F is of type (2, 2, 2, 2s) and N = 2a. If char(K) = 2, then N ≤ g−1. Suppose
that char(K) > 2. Then P1, P2, P3, P4 are all tamely ramified in F ; hence, by Equation (2.2)
2g − 2 = N
(
−2 + 3 ·
1
2
+
2s − 1
2s
)
.
Note that s ≥ 2 since g ≥ 2, and N =
2s+1
2s−1 − 1
(g − 1) ≤ 8(g − 1).
Remark 3.3. Note that if the bound 8(g − 1) is attained by F , then g − 1 is a power of 2, F is
of type (2, 2, 2, 2s) for some integer s ≥ 2, and char(K) 6= 2.
Now we consider F of type (e1, e2, e3). That is, there are exactly 3 ramified places of F0, say
P1, P2, P3, with ramification indices e1, e2, e3 and different exponents d1, d2, d3, respectively. Then
we have the following result.
Theorem 3.4. If r = 3, then N ≤ 16(g − 1).
Proof. If e1 ≥ 4, then N ≤ 8(g− 1) by Equation (2.2). Therefore, we investigate e1 ≤ 3 into cases
as follows.
(i) e1 = 3:
Note that if e2 ≥ 5, then N < 8(g − 1) by Equation (2.2).
(a) e2 = 4:
Then F is of type (3, 4, e3). By Lemma 2.5, the ramification index e3 can have at most
one prime divisor ℓ > 3. Then e3 = 2
a3bℓc for some integers a, b, c ≥ 0 and N = 2s3tℓc
for some integers s ≥ 2 and t ≥ 1.
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If c > 0, then ℓ = p by Lemma 2.5 and a = 2, b = 1 by Lemma 2.6, i.e., e3 = 12p
c.
Also, by Lemma 2.7, d3 ≥ (12p
c − 1) + 12(pc − 1). Then by Equation (2.2), we have
N < 2(g − 1).
Assume that c = 0. Note that a = 0 is not possible in this case; otherwise F would
be of type (3, 4, 3) by Lemma 2.6−(ii). If b = 0, then char(K) = 3 and F is of type
(3, 4, 4). As P1 is wildly ramified, N < 4(g − 1) by Equation (2.2). If a, b 6= 0, i.e.,
e3 ≥ 6, then N ≤ 8(g − 1) by Equation (2.2).
(b) e2 = 3:
By similar arguments, F is of type (3, 3, e3), where e3 = 3
aℓb for a prime ℓ 6= 3 and
integers a, b ≥ 0. Then by Lemma 2.4 and Lemma 2.7, N = 3sℓb for an integer s ≥ 1.
If b > 0, then ℓ = p. By Lemma 2.7, d3 ≥ (3
apb − 1) + 3a(pb − 1); hence, N < 4(g − 1)
by Equation (2.2).
Now suppose that b = 0. If a = 1, then char(K) = 3; otherwise g = 1. That is,
all places are wildly ramified; hence, N ≤ (g − 1) by Equation (2.2). If a > 1, then
N ≤ 9(g − 1).
(ii) e1 = 2:
If char(K) = 2, i.e., P1 is wildly ramified, then N ≤ 6(g − 1) by Equation (2.2). From now
on, we suppose that char(K) > 2. If e2 ≥ 6, then N ≤ 12(g − 1) by Equation (2.2). We
investigate e2 ≤ 5 into cases as follows.
(a) e2 = 5:
Then F is of type (2, 5, e3), where e3 = 2
a5bℓc for a prime ℓ 6= 2, 5 and integers a, b, c ≥ 0.
As char(K) 6= 2, by Lemma 2.6 and Lemma 2.7, e3 = 2 · 5
bℓc and N = 2 · 5tℓc for an
integer t ≥ 1.
If c > 0, then ℓ = p and b = t = 1, i.e., e3 = 10p
c. Then d3 ≥ (10p
c− 1) + 10(pc− 1) by
Lemma 2.7; hence, N < 3(g − 1) by Equation (2.2).
If c = 0, then b 6= 0, i.e., e3 ≥ 10; hence, N ≤ 10(g − 1) by Equation (2.2).
(b) e2 = 4:
Then F is of type (2, 4, e3), where e3 = 2
aℓb for a prime ℓ > 2 and integers a, b ≥ 0.
If b > 0, then ℓ = p and d3 = (2
apb − 1) + 2a(pb − 1); hence, N < 3(g − 1) by
Equation (2.2). In this case, we also have a ≥ 1.
Suppose that b = 0. Since char(K) 6= 2, we have the following equalities by Equa-
tion (2.2)
2g − 2 = N
(
− 2 +
1
2
+
3
4
+
2a − 1
2a
)
= N
(
1
4
−
1
2a
)
.
Then the fact that g ≥ 2 implies that a ≥ 3; hence, N ≤ 16(g − 1).
(c) e2 = 3:
Then F is of type (2, 3, e3), where e3 = 2 · 3
bℓc for a prime ℓ > 3 and integers b, c ≥ 0.
If c > 0, then ℓ = p and e3 = 6p
c by Lemma 2.5 and Lemma 2.6−(ii). Then by
Lemma 2.7, i.e., d3 ≥ (6p
c − 1) + 6(pc − 1), and by Equation (2.2), we conclude that
N < 3(g − 1).
Suppose that c = 0; hence, b 6= 0. If char(K) 6= 3, then e3 = 6. By Equation (2.2), we
conclude that g = 1, which is a contradiction. Therefore, char(K) = 3, i.e., P2, P3 are
wildly ramified. Then N ≤ 2(g − 1) by Equation (2.2) and Lemma 2.7.
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(d) e2 = 2:
Then F is of type (2, 2, e3), where e3 = 2
aℓb for a prime ℓ > 2 and integers a, b ≥ 0.
Suppose that b = 0. Since char(K) 6= 2 , F/F0 is a tame extension. Then by Equa-
tion (2.2), we conclude that g = 0, which is a contradiction. Therefore, b > 0. Then
ℓ = char(K), i.e., ℓ = p. Hence, by Lemma 2.7 and Equation (2.2), we have the
following.
2g − 2 = N
(
− 2 + 2 ·
1
2
+
(2apb − 1) + 2a(pb − 1)
2apb
)
= N
2apb − 2a − 1
2apb
≥ N
(
1−
2a + 1
3 · 2a
)
≥
N
3
.
Hence, N ≤ 6(g − 1).
Remark 3.5. Note that if the bound 16(g − 1) is attained by F , then g − 1 is a power of 2, F is
of type (2, 4, 2s) for some integer s ≥ 3, and char(K) 6= 2.
We continue investigating F of type (e1, e2). That is, there are exactly 2 ramified places of F0,
say P1, P2, with ramification indices e1, e2 and different exponents d1, d2, respectively. Then we
have the following result.
Theorem 3.6. If r = 2, then N ≤ 10(g − 1).
Proof. We first remark that F/F0 cannot be a tame extension; otherwise we would have that g = 0.
Therefore, we can write N = ptN1 for some positive integers t and N1 such that gcd(p,N1) = 1.
Note that e1 = p
aN1 and e2 = p
bN1 for some integers 0 ≤ a, b ≤ t by Lemma 2.6−(ii).
(i) N1 = 1, i.e., G is a p-group:
Note that if pa = pb = 2, then the case d1 = d2 = 2 cannot hold; otherwise we would have
that g = 1. That is, di ≥ 3 for some i = 1, 2, and hence N ≤ 4(g − 1) by Equation (2.2).
Suppose that pa = pb = 2 is not the case. Since P1 and P2 are ramified with different
exponents d1 ≥ 2(p
a − 1) and d2 ≥ 2(p
b − 1), respectively, by Equation (2.2)
2g − 2 ≥ N
(
−2 +
2(pa − 1)
pa
+
2(pb − 1)
pb
)
= N
(
2−
2
pa
−
2
pb
)
≥
N
2
. (3.1)
Therefore, N ≤ 4(g − 1).
(ii) N1 > 1:
(a) Suppose that F is of the type (N1, N1p
b). Then N = N1p
b by Lemmas 2.6 and 2.7.
Note that if N < 10, then N < 10(g− 1) as g ≥ 2. Therefore, we suppose that N ≥ 10.
Moreover, by Lemma 2.7 and Equation (2.2)
2g − 2 ≥ N
(
− 2 +
N1 − 1
N1
+
(N1p
b − 1) +N1(p
b − 1)
N1pb
)
(3.2)
= N
(
1−
1
N1
−
1
N1pb
−
1
pb
)
.
Note that if pb ≥ 5, then N ≤ 10(g − 1) by Equation (3.2). If pb = 4 and N1 ≥ 3 or
pb = 3 and N1 ≥ 4, then N ≤ 6(g − 1). In the case that p
b = 2 and N1 ≥ 5, we obtain
that N ≤ 10(g − 1).
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(b) Suppose that F is of type (N1p
a, N1p
b), where 0 < a ≤ b. Then d(P1) ≥ (N1p
a − 1) +
N1(p
a − 1) and d(P2) ≥ (N1p
b − 1) +N1(p
b − 1) by Lemma 2.7. By Equation (2.2), we
obtain that
2g − 2 ≥ N
(
2−
1
N1pa
−
1
N1pb
−
1
pa
−
1
pb
)
≥ N
(
2−
2
N1pa
−
2
pa
)
,
which implies that N ≤ 3(g − 1).
Remark 3.7. The bound 10(g− 1) is attained only by F of genus 2 such that F is of type (5, 10)
if char(K) = 2 or (2, 10) if char(K) = 5.
Remark 3.8. In [5, Theorem 3.1], the authors proved independently that if G is a ℓ-subgroup
of Aut(F/K), where ℓ ≥ 3 is a prime and ℓ 6= char(K), then |G| ≤ 9(g − 1). They also showed
that the equality can only be obtained for ℓ = 3. Our analysis of the types of function fields with
nilpotent automorphism groups not only leads us the same result, but also provides a bound for
all nilpotent subgroups of Aut(F/K).
It remains to consider the case r = 1.
Theorem 3.9. If r = 1, then N ≤
4p
(p− 1)2
g2.
Proof. In Lemma 2.7-(ii), we observe that G is a p-group and the unique ramified place P of F0
is totally ramified in F . Therefore, the first ramification group G1 of P is the whole group G. By
[11, Satz 1 (c)],
|G1| ≤
4|G2|
(|G2| − 1)2
g2 ≤
4p
(p− 1)2
g2,
where G2 is the second ramification group of P . This gives the desired result.
4 Examples
In this section, we present examples of function fields that attain the bounds we obtained in
Theorem 3.2, 3.4, 3.6, and 3.9. In other words, the bounds given in these theorems cannot be
improved. Moreover, for Theorem 3.2 and Theorem 3.4, we construct a sequence of function fields
Fn/K such that
(i) g(Fn)→∞,
(ii) there exists a nilpotent subgroup Gn ≤ Aut(Fn/K), whose order attains the respective
bound.
We need the following lemma to construct examples attaining the bound in Theorem 3.4.
Lemma 4.1. Let char(K) 6= 2 and F1/K be a Galois extension of F0/K with g(F1) ≥ 2. Then
there exists a sequence of function fields Fn/K with the following properties.
(i) Fn/F0 is Galois,
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(ii) Fn+1/Fn is Galois, abelian of degree [Fn+1 : Fn] = 2
2g(Fn),
(iii) Fn+1/Fn is unramified,
(iv) the exponent of Gal(Fn+1/Fn) is 2.
Proof. By [8, Section 4.7], for a given function field F/K, there exists a unique maximal field
F ′ ⊇ F such that
(a) F ′/F is Galois and abelian of degree [F ′ : F ] = 22g(F ),
(b) F ′/F is unramified, and
(c) the exponent of Gal(F ′/F ) is 2.
For n ≥ 1, let Fn+1 be the extension of Fn described as above. Now we show that Fn/F0 is a
Galois extension for each n ≥ 1. We proceed by induction on n. By our assumption, F1/F0 is
Galois. Now suppose that Fn/F0 is Galois. Let F˜ be the Galois closure of Fn+1/F0, see Figure 1.
Let γ ∈ Gal(F˜ /F0). Since Fn/F0 is Galois, we have γ(Fn) = Fn. In particular, γ(Fn+1) is a Galois,
F˜
Fn+1
Fn
Galois
F0
Galois
Galois
Figure 1: The Galois closure of Fn+1/F0
abelian, unramified extension of Fn of degree power of 2. By the uniqueness of such an extension,
we conclude that γ(Fn+1) = Fn+1, which gives the desired result.
The following example shows that the bound in Theorem 3.4 is attained by function fields of
infinitely many genera. We apply a similar approach as in [5].
Example 4.2. Let p 6= 2 and ζ be a primitive 8-th root of unity. Consider the function field F
with the defining equation
y2 = x(x4 − 1).
Note that F/K(x) is a Kummer extension of degree 2, where (x = ∞), (x = 0) and (x = ζ2k),
k = 0, 1, 2, 3, are the ramified places of K(x), see [13, Proposition 3.7.3]. Hence we conclude that
g(F ) = 2. Note that the maps
σ :
{
x 7→ ζ2x
y 7→ ζy
and τ :
{
x 7→ −1/x
y 7→ y/x3
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F = K(x, y)
K(x)
y2=x(x4−1) deg=2
K(z)
z=x4 deg=4
K(t)
t= z
2+1
2z
deg=2
Figure 2: K(t) ⊆ K(z) ⊆ K(x) ⊆ F
define automorphisms of F over K. Set η := στ . Then σ, η ∈ Aut(F/K) such that ord(σ) = 8,
ord(η) = 2 and ηση−1 = σ3. Let G = 〈σ〉 ⋊ 〈η〉. Then G is a group of order 16. Set z := x4 and
t :=
z2 + 1
2z
. We consider the sequence of function fields K(t) ⊆ K(z) ⊆ K(x) ⊆ F to investigate
the ramification structure in F/K(t), see Figure 2.
Observe thatK(t) ⊆ F 〈σ〉 andK(t) ⊆ F 〈τ〉; hence, K(t) ⊆ FG. Then the fact that [F : K(t)] = 16
implies that FG = K(t), that is, F/K(t) is a Galois extension of degree 16. Then we have the
following observations.
(i) (z = 0) and (z =∞) are the only ramified places of K(z) in K(x), which are totally ramified.
(x = 0) and (x = ∞) are the unique places lying over (z = 0) and (z = ∞), respectively.
That is, (z = 0) and (z =∞) are totally ramified in F . Furthermore, (x = ζ2k), k = 0, 1, 2, 3
are the places lying over (z = 1).
(ii) Ramified places of K(t) in K(z) are (t = 1) and (t = −1) lying over (z = 1) and (z = −1),
respectively. Furthermore, (z = 0) and (z =∞) lie over (t =∞).
Hence, we conclude that the ramified places of K(t) in F are (t = −1), (t = 1) and (t =∞) with
ramification indices 2, 4, 8, respectively. That is, F is of type (2, 4, 8) and N = 16 = 16(g(F )− 1).
Set F0 = K(t) and F1 := F . Then by Lemma 4.1, there exists a sequence of function fields
Fn/K such that Fn+1/K(t) is a Galois extension of degree power of 2. Note that g(Fn+1) > g(Fn)
as g(F1) = 2. Since Fn+1/F1 is an unramified extension, K(t) has exactly 3 ramified places in
Fn+1, namely, (t = −1), (t = 1) and (t = ∞), whose ramification indices are 2, 4, 8, respectively.
Thus, Fn+1 is of type (2, 4, 8) such that [Fn+1 : K(t)] = 16(g(Fn+1)− 1).
By using Example 4.2, we obtain the following example, which shows that the bound given in
Theorem 3.2 is attained by function fields of infinitely many genera.
Example 4.3. Let Fn/K(t) be the Galois extension given in Example 4.2 for n ≥ 1. Recall that
p 6= 2. We consider the Kummer extension K(w)/K(t) given by w2 = t − 1. Note that w ∈ Fn
as t is a square in Fn, i.e., Fn/K(w) is a Galois extension of degree power of 2, see Figure 3. By
[13, Proposition 3.7.3] , (t = 1) and (t = ∞) are the only ramified places of K(t) in K(w)/K(t).
In particular, (w = 0) and (w = ∞) are the places of K(w) lying over (t = 1) and (t = −1),
respectively. Moreover, (w = α) and (w = −α) are the places of K(w) lying over (t = −1),
where α2 = −2. Then the transitivity of the ramification extension, we conclude that (w = α),
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Fn
K(w)
deg= [Fn:K(t)]
2
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
K(t)
w2=t−1
✇✇✇✇✇✇✇✇✇
Figure 3: K(t) ⊆ K(w) ⊆ Fn
(w = −α), (w = 0) and (w =∞) are the only ramified places of K(w) in Fn and the ramification
indices are given by
e((w = α)) = e((w = −α)) = e((w = 0)) = 2 and e((w =∞)) = 4.
Hence, Fn is a function field of type (2, 2, 2, 4) satisfying [Fn : K(w)] = 8(g(Fn)− 1).
The following two examples show that both cases, where the bound in Theorem 3.6 can be
attained, appear, see Remark 3.7.
Example 4.4. Let p = 2 and let F be a function field given by the defining equation y2− y = x5.
By considering F as a Kummer extension over K(y), where (y = ∞), (y = 0) and (y = 1) are all
the ramified places of K(y), we conclude that g(F ) = 2 by [13, Proposition 3.7.3].
Set z := x5. Then K(x)/K(z) andK(y)/K(z) are Galois extensions of degree 5 and 2, respectively.
Hence, F/K(z) is a Galois extension of degree 10, see Figure 4. Note that the automorphism group
of F/K(z) is generated by σ defined by
σ :
{
x 7→ ζx
y 7→ y + 1,
where ζ is a primitive 5-root of unity.
F = K(x, y)
K(x)
y2−y=x5
qqqqqqqqqq
K(y)
▼▼▼▼▼▼▼▼▼▼
K(z)
y2−y=z
qqqqqqqqqqx
5=z
▼▼▼▼▼▼▼▼▼▼
Figure 4: F as a compositum of K(x) and K(y)
Note that (z =∞) is the only ramified place in K(y) with ramification index 2. Also, (z = 0) and
(z = ∞) are the only ramified places in K(x) with ramification indices 5. Then, by Abhyankar’s
Lemma [13, Theorem 3.9.1], (z = 0) and (z = ∞) are the only ramified places of K(z) in F with
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the ramification indices 5 and 10, respectively. That is, F is of type (5, 10) satisfying [F : K(z)] =
10(g(F )− 1).
Let p = 5 and let F be a function field given by the defining equation y5 − y = x2. Similarly, F
is a function field of genus 2. If we set z := x2, then F/K(z) is a cyclic extension of degree 10,
where (z = 0) and (z = ∞) are all the ramified places of K(z) in F with ramification indices 2
and 10, respectively. That is, F is of type (2, 10) satisfying [F : K(z)] = 10(g(F )− 1). Note that
the automorphism group of F/K(z) is generated by σ defined by
σ :
{
x 7→ ζx
y 7→ y + 1,
where ζ is a primitive 2-root of unity.
The following example shows that the bound in Theorem 3.9 holds, for further details see [12,
Satz 5].
Example 4.5. Let p ≥ 5 and n ≥ 1 be integers. Consider the function field Fn := K(x, y) defined
by
yp + y = xp
n+1.
Then g(Fn) =
pn(p−1)
2
. Note that the pole divisors of x, y are (x)∞ = p ·P and (y)∞ = (p
n+1) ·P ,
respectively, for a place P of Fn. Let G = (Aut(Fn/K))P be the automorphism group fixing the
unique pole P of x and y. The group G consists of automorphisms of the form
σ :
{
x 7→ x+ d,
y 7→ y +Q(x),
where p degQ(x) ≤ pn and Q(x)p + Q(x) = (x + d)p
n+1 − xp
n+1. In this case, |G| = p2n+1 and
|G| =
4p
(p− 1)
g2.
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